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NOMENCLATURE 


a  =  Young's  moduli  ratio  E^/E^ 

A..  =  In-plane  modulus  of  multidirectional  laminates, 

1-*  in  Pam. 

a^ .  =  In-plane  compliance  of  multidirectional 

^  laminates,  it  is  the  inverse  of  A^j,  in  (Pam) 

b  =  Young's  moduli  ratio  E£/Eg 

c  =  Young's  moduli  ratio  E^/Eg 

E  , E  =  Longitudinal,  transverse  Young's  modulus  for  a  ply 

x  y 

E1,E2  =  Longitudinal,  transverse  Young's  modulus  for  a 

laminate 

E  =  Longitudinal  shear  modulus  for  a  ply 

s 

Eg  =  Longitudinal  shear  modulus  for  a  laminate 

h  =  Thickness  of  the  laminate 

m  =  [1  -  Vv.,v.,v.]  in  relations  (1) 

=  cosQ  in  Tables  (4)  and  (5) 

N  =  Applied  stress  component  causing  failure  of  the 

laminate 

N^  =  Stress  resultant,  in  Pam;  i=l,2,6 

n  =  Sin© 

n^  =  Number  of  plies  of  the  ith  ply  assembly;  i=l,2,...k 

=  On-axis  modulus  components  (i,j  =  x,y,s) 

=  Off-axis  modulus  components  (i,j  =  j,2,6 ) 

S . ^  =  On-axis  compliance  components  (i,j  =  x,y,s) 


NOMENCLATURE  (Continued) 


U. 

1 

V* 

x 

x,  y 
1,2 

a . 


e  . 

i 

e? 

l 

0 

y 

0 

V 

xy 

v 

yx 

v?  . 

ID 


Linear  combination  of  modulus  for  the  multiple 
angle  transformation;  i  =  1,2,... 5 

Integrals  of  trigonometric  functions  for  the 
evaluation  of  in-plane  modulus;  i  =  1,2, 3, 4 

Cartesian  coordinate  axes 

New  or  transformed  coordinate  axes 

Stress  components  on-axis;  i  =  x,y,s 

Stress  components  off-axis;  i  =  1,2,6 

,  average  stress  across  thickness  of  a 
l/h  laminate;  i  =  1,2,6 

Strain  components  on-axis;  i  =  x,y,s 

Strain  components  off-axis;  i  =  1,2,6 

In-plane  strain  components  for  laminates;  i  =  1,2,6 

Counterclockwise  angle  as  referred  to  angle  ply 

Counterclockwise  rigid  body  rotation  of  a  laminate 

Angle  of  ply  orientation;  counterclockwise 
rotation  is  positive 

Major  Poisson's  ratio 

Minor  Poisson's  ratio 

In-plane  coupling  ratios,  i^j;  i,j  =  1,2,6 
(v°L,  v°2  Poisson's  ratios;  v°^,  shear 

coupling  ratios;  v£g,  v°g  normal  coupling  ratios. 
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SUBSCRIPTS 


1,2,6 

x,y,s 


Represents  directionality  of  material  properties 
in  multidirection  laminates.  [1:  longitudinal; 

2:  transverse;  6:  shear] 

Represents  directionality  of  material  properties 
in  on-axis  lamina  {x:  longitudinal;  y:  transverse; 
s;  shear] 

Symmetric  about  the  midplane 

Number  of  plies  in  the  ith  ply  assembly 


SUPERSCRIPTS 

Represents  mid-plane  properties  for  a  laminate 
In-plane  strain  components 
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SECTION  I 


INTRODUCTION 

With  the  increasing  demand  for  suitable  materials  with 
specific  properties,  it  has  been  made  clear  that  the  naturally 
occurring  materials  cannot  fulfill  all  the  requirements.  The 
introduction  of  alloying  techniques  have  gone  a  long  way  toward 
satisfying  these  requirements  but  even  that  is  not  sufficient. 

The  invention  of  fiber  reinforced  composites  has  been  a  great 
step  forward  in  the  quest  for  lightweight  and  strong  materials. 
Carbon  fiber  composites  have  been  characterized  as  stronger  than 
steel  yet  lighter  than  aluminum.  Researchers  have  been  exploring 
the  avenues  for  the  best  use  of  composites. 

We  have  seen  unique  properties  of  laminates  that  do  not 
have  a  counterpart  in  conventional  materials.  For  example,  the 
in-plane  Poisson's  ratio,  shown  in  Fig.  VI,  extends  beyond  the 
upper  limit  of  .5  imposed  on  isotropic  materials.  While  ortho¬ 
tropic  materials  can  be  viewed  as  a  simple  extension  of  conven- 

i 

tional  materials,  non-orthotropic  materials,  however,  must  be 
viewed  from  a  completely  different  perspective.  We  must  under¬ 
stand  the  unique  properties  of  anisotropic  materials  and  learn 
to  capitalize  on  these  properties  to  perform  functions  not 
possible  with  conventional  materials.  To  the  best  of  the  author's 
knowledge,  there  exists  no  document  that  gives  stiffness  and 
strength  properties  of  symmetric  bidirectional  laminates.  The 
present  report  provides  the  engineering  constants,  modulus 
components,  compliance  components  and  strengths  of  T300/5208 


1 


bidirectional  laminates.  These  properties  are  presented  in 
graphical  form  as  functions  of  either  the  angle  ply  0  for 
specific  rotation  y  or  the  rotation  y  for  specific  laminate 


angle  ply  0.  The  laminates  considered  were  (-0  /0  )  . 

nl  ri2  s 

The  angles  9 S  and  y  rotations  are  given  in  Fig.  I. 


Fig.  I. 


Angle  notations  in  an  angle  ply-  laminate 

(-0  )  rotated  by  an  angle  y. 

r>2  s  1  y 


For  computation  of  results,  the  laminates  given  in  Table  1 
were  considered: 


Table  1. 


Various  parameters  considered  for  computation 
of  results  in  (-0  /0  )  laminates  and  rotation  y. 


SECTION  II 


STIFFNESS  PROPERTIES 

1.  UNIDIRECTIONAL  LAMINATE  STRESS  STRAIN  RELATIONS 

The  stiffness  of  unidirectional  composites  can  be  defined 
by  appropriate  stress  strain  relations.  These  relations  can  be 
expressed  in  terms  of  engineering  constants,  compliance  components 
or  modulus  components.  A  detailed  treatise  on  mechanics  of  com¬ 
posites  is  given  in  Reference  1.  For  completeness,  the  relevant 
relations  are  given  in  the  present  report.  All  the  notations  used 
in  Reference  1  are  followed  in  this  work. 

The  two  key  stress  strain  relations  for  a  unidirectional 
composite  are,  Tables  2  and  3: 

Table  2:  On  axis  stress  strain  relations  -  compliance 
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Table  3:  On  axis  stress  strain  relations  -  modulus 
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In  the  foregoing  matrix  multiplication  table,  each  value  in  the 
first  column  is  equal  to  the  sum  of  products  of  corresponding 


row  elements  with  their  column  headings.  This  rule  should  be 
self  evident. 
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All  the  material  constants  of  the  stress  strain  relation  shown 
above  are  called  engineering  constants.  They  are  the  familiar 


constants  used  for  conventional  materials  with  subscript  added 
to  denote  directionality  of  properties.  Thus  the  use  of  engineer¬ 
ing  constants  will  often  facilitate  the  use  of  composites  for 
structural  applications.  But,  it  has  been  found  more  convenient 
to  use  compliance  and  modulus  components  of  multidirectional 
composites.  In  Eq.  (1)  are  compliance  components  and  ^ 

are  modulus  components. 

2.  TRANSFORMATION  OF  STRESS  AND  STRAIN 

The  change  of  stiffness  of, unidirectional  composites  as  a 
function  of  ply  orientation  is  a  unique  feature  of  composites. 
These  orientational  variations  of  stress  and  strain  are  the 
fundamental  underlying  issues  which  must  be  understood.  The 
relations  governing  these  variations  are  called  transformation 
equations  and  are  given  in  Tables  4  and  5: 

Table  4:  Stress  transformation  relations 
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Table  5:  Strain  transformation  relations 
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Where  a^,  a £/  a g  are  off-axis  stress  components,  o^,  o  ,  og 
transformed  on-axis  stress  components  and  0  in  the  angle  of 
counter  clockwise  rotation  of  the  on-axis  laminate  (Fig.  II). 
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Fig.  11(a):  Material  symmetry  axis  of  a  unidirectional 
composite. 


Fig.  11(b):  Off-axis  configuration  of  a  unidirectional 
composite,  counter  clockwise  rotation  is 
positive . 


Similarly  e^. 


strain  components. 


e  are  on-axis 
s 


are  off-axis  and  e 


3. 


OFF-AXIS  MODULUS 


Because  the  composite  laminates  are  made  of  off-axis  and 
on-axis  plies,  the  stiffness  of  off-axis  ply  orientation  must  be 
understood.  The  off-axis  modulus  of  a  ply  can  be  determined  in 
three  steps:  (i)  the  off-axis  to  on-axis  strain  transformation; 
(ii)  the  on-axis  stress  strain  relation;  and  (iii)  the  on-axis 
to  off-axis  stress  transformation.  This  process  is  initiated 
by  a  given  strain  in  Fig.  Ill (a)  and  leads  us  eventually  to  the 
induced  stress  in  Fig.  Ill(d).  The  above  mentioned  three  trans¬ 
formations  when  combined  together  wiJl  yield  the  required  off- 
axis  modulus  and  off-axis  stress  strain  relations  for  arbitrary 
angle  of  rotation. 


Fig.  Ill:  Determination  of  off-axis  modulus 

From  ia)-(b):  Use  positive  angle  0  strain  transformations 

From  (b)-(c):  Use  the  on-axis  stress  strain  relations  in 
modulus 

From  (c)-(d):  Use  inverse  stress  transformation. 
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Following  the  above  transformations  and  making  some  mathe¬ 
matical  simplifications,  off-axis  stress  strain  relations  can 
be  obtained;  i.e..  Table  6: 

Table  6:  Off-axis  stress  strain  relations 


* 

o„ 

o,2 

Q* 

Qm 

Q2! 

^6 

0* 

a*. 

Where  the  off-axis  modulus  components  are  given  in  the  matrix 
form  shown  in  Table  7 : 


Table  7:  Modulus  components 


1 

U2 

U3 

0„ 

O, 

cos2& 

cos40 

022 

0, 

- cos20 

co  s4& 

0 12 

- cos40 

066 

U5 

-  cos40 

0,6 

-jr  sin 20 

s  i 

O26 

sin20 

-  sin4& 

Where 


(3 Q  +3 Q  +  2Q  +  4Q  ) /8 

xx  yy  xy  ss 


U2 

— 

«>xx 

— 

Q  )/2 
yy 

U3 

= 

<°xx 

+ 

Q  -  2Q  -  4Q 

yy  xy  ss 

U4 

= 

(°xx 

+ 

Q  +  6Q  -  4Q 

yy  xy  ss 

U5 

= 

(Qxx 

+ 

Q  -  2Q  +  4Q 

yy  xy  ss 

4  . 


INPLANE  STIFFNESS  OF  SYMMETRIC  LAMINATES 


The  composite  laminates  having  a  symmetry  of  stacking 
sequence  about  the  midplane  surface  are  considered.  Such 
laminates  behave  as  a  homogeneous  anisotropic  plate.  The 
effective  modulus  of  the  composite  laminates  is  simply  the 
arithmetic  average  of  the  modulus  of  the  constituent  plies. 
Simple  formulae  can  be  derived  to  compute  effective  modulus 
in  terms  of  the  moduli  of  constituent  plies.  It  has  been 
found  that  the  stiffness  properties  of  bidirectional  laminates 
can  be  fundamentally  different  from  conventional  materials. 

The  main  stress  strain  relations  for  a  composite  laminate  are 
presented  in  Tables  8  and  9. 

Table  8:  Stress  strain  relations  -  modulus 


! 

i _ 

e° 

i  N, 

4/ 

A/2 

A/e 

4?/ 

A 22 

4,  I 

i  N‘ 

i _ 

A* 

A62 

1 

A  1 

66 

10 


I 


I 


Table  9:  Stress  strain  relations  -  compliance 


! 

1 

", 

N2 

1 

°a 

°,2 

°,6 

<  ! 
i 

°2, 

°22 

°2S 

€°  ' 

*  1 

1 

°6, 

°62 

°66 

Where  N^,  N£,  and  are  stress  resultants  over  the  thickness 
(h)  of  the  laminate  and  are  defined  by 


N. 


1 


or  N . 

1 


(i  =  1,2,6) 


/ 


!Qi ,e°dz 

j  J  j 


(j  =  1,2,6) 


(3) 


-h/2 

and  e?  (i  =  1,2,6)  are  inplane  strain  components,  constant 
through  the  thickness.  A  laminate  consisting  of  various  angle 
plies  will  contain  different  values  of  ^  through  the  thick¬ 
ness.  Thus  the  different  laminates  have  different  stiffness 
properties.  The  relations  3,  after  going  through  some 
mathematical  simplifications,  reduce  to  relations  of  Table  8, 
where  A. .  are  given  in  Table  10. 


Table  10:  Modulus  components,  A^j 


/ 

u2 

An  /h 

U, 

v* 

*' 

A22/h 

V, 

-V? 

V2 

A /2  /h 

< 

Age  Ah 

U5 

A/6  /h 

v: 

A 26 Sh 

- 

Tv3* 

-A* 

In  which  IT  (i  =  1,2,..., 5)  are  given  in  Eq.  2,  and 

h/2 

V  /n  i  4  /  (cos20,  cos40,  sin20,  sin40)dz  (4) 

(1,2, 3, 4)  h  / 

-h/2  1 

For  known  values  of  A. .  in  Table  8,  the  values  of  a. .  in 

13  ID 

Table  9  can  be  obtained.  In  the  foregoing  formulation  it  has 
been  assumed  that  the  laminate  is  made  of  plies  of  the  same 
material.  With  the  given  material  properties  E^,  E^ ,  Eg,  and 
of  a  uniaxial  ply,  the  elements  of  matrices  (8)  and  (9) 

(i.e.,  A^j  and  a^j)  can  be  computed.  Since  N-^,  N,,,  and  are 
stress  resultants  over  the  thickness  of  the  laminate,  the  stress 
strain  relations.  Tables  8  and  9,  can  be  rewritten  as  Tables 
11  and  12. 


! , 


* 
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Table  11:  Stress  strain  relations  -  modulus 


Table  12:  Stress  strain  relations  -  compliance 


°1  °2  °6 


k°,6 

€? 

k.'A, 

*e° 

Kov 

^-C:C6 

N. 

l, 


Where  a.  (=  --r-)  are  average  inplane  stress  comoonents,  A.  . 

i  h  il/h 

are  modulus  components  and  ha^j  are  compliance  components  of 
the  laminate.  The  engineering  constants  for  the  laminate  are 


defined  as  follows: 


a61/all 


v 

v 

V 


61 

o 

26 

o 

62 


a26/a66 

a62/a22 


The  E,s  and  v,s  are  engineering  constants  analogous  to  those 
defined  in  Eq.  1,  a  subscript  denotes  the  corresponding 
direction  and  the  superscript  ' ° 1  indicates  that  the  material 
property  is  for  a  laminate. 

The  stress  strain  relations  in  Table  12  can  be  rewritten 
in  terms  of  engineering  constants  in  the  following  form: 


Table  13:  Stress  strain  relations  - 
engineering  constants _ 


% 

°6 

/ 

71 

F°6 

Ef 

F  ° 
c2 

F° 

e2° 

!_ 

t 'is 

r  ° 

Eg 

O 

*6 

w 

pk 

l2 

/ 

l6 

Since  the  compliance  matrix  is  symmetric,  the  following 
reciprocal  relations  can  be  easily  derived: 


T7  o 

a22 

F  0 

V  12 

all 

E1 

V61 

a66 

E6 

Vl6 

all 

h2 

v  ° 

62 

a66 

b6 

v  ° 

26 

a22 

14 


b  C  are  called  as  Young's  moduli  ratios.  Thus, 
a<  b»  c  a  ,  ■;  f  f ness  properties  of 

formulae  necessary  lor  computron  of  strffness  P  P 

.  general  sy^etric  multidirectional  compose 
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SECTION  III 


RESULTS 

1.  STIFFNESS 

Modulus  and  compliance  components,  engineering  constants 

and  their  ratios,  and  strengths  of  bidirectional  laminates 

(-0  /0  )  for  various  values  of  0  and  their  rotation  (through 

nl  n2  s 

angle  >)  are  computed.  The  on-axis  material  properties  of 
T300/5208  material,  considered  in  the  present  computations, 
are  given  in  Table  15.  The  sign  conventions  for  the  ply  angle 
0  and  rotation  angle  y  are  given  in  Figure  I. 

From  Eq.  4,  we  can  define  V*'s  for  all  bidirectional 
laminates 


V* 

1 

nl+n2 

[n^cos20^ , 

+ 

n2cos2  0  2 ] 

V* 

1 

nl+n2 

[n-^cos4  0^ , 

+ 

n2cos402] 

V* 

1 

nl+n2 

[n^sin20^ , 

+ 

n2sin202 ] 

V4 

1 

nl+n2 

[n^sin46^ , 

+ 

n2sin402 ] 

where 

0,  =  Y  -  0 

(8) 

02  =  Y  +  0 

For  all  combinations  of  laminates  given  in  Table  1,  six  modulus 
components  six  compliance  components  ha^j,  nine  engineer¬ 

ing  constants  E°'s  and  v°*s;  and  three  moduli  ratios  are  computed. 
Each  figure  contains  thu  addressed  material  property  for  seven 
combinations  of  volume  fractions  of  the  angle  plies. 


2. 


STRENGTH 


Tensor  polynomial  failure  criterion  has  been  used  to  pre¬ 
dict  the  strength  of  bidirectional  laminates.  First  ply  failure 
stress  is  considered  as  the  strength  of  the  laminate.  The  effect 
of  ply  orientation,  volume  fraction,  and  laminate  rotation  on 
strength  of  the  laminates  has  been  investigated.  The  details  of 
the  use  of  tensor  polynomial  failure  criterion  are  given  in 
References  1  and  2.  Strengths  of  bidirectional  laminates  due 
to  the  following  loading  patterns  are  computed: 

Table  14:  Point  loading  patterns  considered 


Case  No. 

°1 

°  2 

°6 

Notation 

1 

N 

o 

o 

(N,o,o) 

2 

N 

N 

o 

(N,N,o) 

3 

N 

-N 

o 

(N , -N , o) 

4 

o 

o 

N 

(0,0, N) 

5 

N 

o 

N 

(N,o,N) 

5 

N 

o 

-N 

(N,o,-N) 

In  all  these  cases,  the  parameter  N  at  which  the  first  ply  of 
the  T300/5203  composite  laminate  fails  is  calculated. 
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181.0  GPa 


E 

10.3  GPa 

y 

V 

— 

0.28 

xy 

E 

— 

7.17  GPa 

s 

X 

= 

1500  MPa 

X’ 

= 

1500  MPa 

Y 

= 

4  0  MPa 

Y' 

= 

246  MPa 

S 

= 

68  MPa 

3. 


ILLUSTRATIONS 


There  are  two  types  of  parametric  variations  we  have  made 
with  respect  to  angle  ply  0  and  angle  of  rotation  y.  One  type 
consists  of  fixing  the  ply  angle  0  and  computing  the  results 
for  various  rotations  (-9Q<y<90) .  The  second  type  consists  of 
varying  ply  angle  0,  i.e.,  (~9O£0£9O) ,  for  a  fixed  value  of 
rotation  y.  For  explaining  this  procedure  for  using  the  data 
available  in  this  report  in  graphical  form,  we  pick  up  one  case 
of  each  of  the  above  mentioned  two  types  of  variations. 

Fig.  IV  contains  for  various  laminates  with  y=75°.  In  this 

figure  the  abscissa  denotes  the  ply  angle  (0)  in  degrees,  the 
ordinate  denotes  the  transverse  Young's  modulus  E|  in  GPa,  and 
y  denotes  the  angle,  in  degrees  of  counterclockwise  rotation  of 
the  laminate.  The  values  of  E^  for  laminates  with  a  value 
0=  -15°  are  given  in  Table  16.  Similarly,  in  Fig.  V,  the 
angular  rotation  y  is  the  abscissa  and  ha^j,  is  the  ordinate 
for  laminates  with  0=30°.  The  results  for  ha^  pertaining  to 
different  laminates  with  y=  -60°  are  given  in  Table  17.  Thus 
it  is  simple  to  use  the  data  given  in  the  figures. 


;i 

V 

i 

y 

j  i 

!  j 

t 
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Table  16:  Values  of  transverse  Young's 
modulus  E2  for  different  volume  fractions 
of  bidirectional  laminates  as  obtained  from 
Fig.  IV;  0=  -15°,  y=75° 


Symbol  in 
Plot 

nl 

n2 

Laminate  with 

0=  -15,  y=7 5 

E2  (GPa) 

A 

1 

0 

60 

28 

+ 

9 

1 

(609/901>s 

46 

X 

4 

1 

(604/90i)s 

61 

0 

1 

1 

<6V9°1>s 

110 

+ 

1 

4 

<60i/904)8 

156 

X 

1 

9 

(60i/909)s 

171 

z 

0 

1 

90 

186 

E 


N  X  -»  OX 


Table  17:  Values  of  compliance  component  ha^ 
for  different  volume  fractions  of  bidirectional 
laminates  as  obtained  from  Fig.  V;  0=30° ,  y=  -6 


Symbol  in 

Laminate 

for 

.1 

Plot 

nl 

n2 

0=20 ,  y= 

-60 

haxl (TPa) 

(-9V-30i)s 

(-904/-3°i)s 

(-9V-30l)s 

<-9V-3Vs 

(-90l/-309)s 

-30 


SECTION  IV 


CONCLUSIONS 

This  report  gives  components  of  modulus  and  compliance 
matrices,  engineering  constants  and  their  ratios,  and  strengths 
of  different  bidirectional  symmetric  laminates  made  of  T300/5208 
material.  This  enables  the  designer  to  pick  up  the  laminate 
with  ply  orientations  and  volume  fractions  satisfying  the  desired 
stiffness  and  strength  requirements.  This  work  also  shows  the 
user  the  capabilities  of  composites  that  can  be  achieved  by 
varying  ply  orientations  and  volume  fraction.  This  understanding 
helps  the  use  of  sites  for  optimum  component  design  applications. 
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